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Abstract. By utilizing a two-dimensional extension of a very general
series transform given by Bailey, Exton [Indian J. pure appl. Math. 24
(6) (1993), 401-408] deduced a very general double generating relation
of a product of a pair of Laguerre polynomials and obtained a number
of useful relations with elementary functions, Bessel functions, Hermite
polynomials and single series expansions of pairs of Laguerre polynomials.
Unfortunately, some of the results given by Exon contain errors and thus
this is the aim of this short note to provide the corrected form of these results.
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1. Introduction
We recall with the definition of generalized hypergeometric function [4] with p numerator and q
denominator parameters by
pFq
[
α1, · · · , αp;
β1, · · · , βq;
z
]
= pFq[(α); (β); z] =
∞∑
n=0
(α1, n) · · · (αp, n)
(β1, n) · · · (βq, n)
zn
n!
=
∞∑
n=0
((α), n)
((β), n)
zn
n!
, (1.1)
where (α, n) denotes the well known Pochhammer symbol (or the shifted factorial, since (1, n) = n!)
defined for complex number α by
(α, n) =


α(α+ 1) · · · (α + n− 1), n ∈ N;
1, n = 0.
(1.2)
Using the fundamental function relation Γ(α+ 1) = αΓ(α), (α, n) can be written in the form
(α, n) =
Γ(α+ n)
Γ(α)
, (n ∈ N ∪ {0}), (1.3)
where Γ is the well known Gamma function. For more detail about convergence of this function, we
refer to [4].
On the other hand, we recall the double hypergeometric function which is defined and introduced by
Kampe´ de Fe´riet and subsequently abbreviated by Bunchnall and Chaundy [6]. Here, we present a
slightly modified notation given by Srivastava and Panda [7, p.423, Eq.(26)] as follows.
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Fh: a; bg: c; d
[
(Hh) : (Aa); (Bb);
(Gg) : (Cc); (Dd);
x, y
]
=
∑
m,n≥0
((Hh),m+ n)((Aa),m)((Bb), n)
((Gg),m+ n)((Cc),m)((Dd), n)
xm
m!
yn
n!
. (1.4)
For more detail about the convergence of this function, we refer to [7].
The Laguerre polynomials have been researched in various branches of pure and applied mathematics
[1, 5], which can be expressed by the confluent hypergeometric function as
L(a)n (x) =
(a+ 1, n)
n!
1F1
[
−n
a+ 1
; x
]
. (1.5)
In 1974, Exton [3] obtained the well known Bailey’s transform in two dimension in the following
theorem.
Theorem 1. If
βm,n =
m∑
p=0
n∑
q=0
αp,qµm−p,n−qνm+p,n+q (1.6)
and
γm,n =
∞∑
p=m
∞∑
q=n
δp,qµp−m,q−nνp+m,q+n, (1.7)
then
∞∑
m,n=0
αm,nγm,n =
∞∑
m,n=0
βm,nδm,n. (1.8)
Here, it is understood that α, δ, µ and ν are functions of p and q only and all the series concerned are
either convergent or terminating.
By utilizing the above theorem and (1.6), (1.7) and (1.8) are appropriately specified, Exton [2] obtained
the following very general double generating function
∞∑
m,n=0
((d),m+ n)xmsn
((g),m+ n)m!n!
1F1
[
−m
p
; −y
]
1F1
[
−m
p′
; −t
]
=
∞∑
m,n=0
((d),m + n)(xy)m(st)n
((g),m+ n)(p,m)(p′, n)m!n!
FD:0;0;G:0;0;
[
(d) +m+ n : −;−;
(g) +m+ n : −;−;
x, s
]
, (1.9)
and further as a simple consequence of the binomial theorem, the inner double series on the right-hand
side of (1.9) is immediately reduce to a single series. Also, if the confluent hypergeometric functions
on the left-hand side of (1.9) are replaced by their representations as Laguerre polynomials (of course,
changing y to −y and t to −t and using (1.5)), we arrive at the following result.
∞∑
m,n=0
((d),m + n)xmsn
((g),m+ n)(p,m)(p′, n)
Lp−1m (y)L
p′−1
n (t)
=
∞∑
m,n=0
((d),m + n)(−xy)m(−st)n
((g),m+ n)(p,m)(p′, n)m!n!
DFG
[
(d) +m+ n
(g) +m+ n
; x+ s
]
. (1.10)
This is a two-dimensional very general generating relation of a pair of Laguerre polynomials.
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Exton in his paper [2] deduced a number of useful relations with elementary functions, Bessel functions,
Hermite polynomials and single series expansions of pairs of Laguerre polynomials by utilizing (1.10).
Unfortunately, some of the results given by Exton contain errors.
The remainder part of this short note is organized as follows. In section 2, Exton’s general result (1.9)
will be established by another method. In section 3, we will list Exton’s results in corrected form.
2. Another proof of (1.9):
In order to establish (1.9), we proceed as follows. Denoting the right-hand side of (1.9) by S, expressing
the double hypergeometric function with the help of the definition (1.4), we have
S =
∞∑
m=0
∞∑
n=0
∞∑
u=0
∞∑
v=0
((d),m+ n)((d) +m+ n, u+ v)xm+usn+vymtn
((g),m+ n)((g) +m+ n, u+ v)(p,m)(p′, n)m!n!u!v!
=
∞∑
m=0
∞∑
n=0
∞∑
u=0
∞∑
v=0
((d),m + n+ u+ v)xm+usn+vymtn
((g),m+ n+ u+ v)(p,m)(p′, n)m!n!u!v!
,
where, we have applied the elementary relation (a,m)(a+m,n) = (a,m+ n). Performing the trans-
formations u → u −m and v → v − n on the above identity and then applying the transformation
(m− n)! = (−1)nm!/(−m,n), we get
S =
∞∑
u=0
∞∑
v=0
u∑
m=0
v∑
n=0
((d), u + v)xusvymtn
((g), u+ v)(p,m)(p′, n)(u −m)!(v − n)!m! n!
=
∞∑
u=0
∞∑
v=0
u∑
m=0
v∑
n=0
((d), u + v)(−u,m)(−v, n)xusv(−y)m(−t)n
((g), u+ v)(p,m)(p′, n)m! n! u! v!
=
∞∑
u=0
∞∑
v=0
((d), u + v)xusv
((g), u + v)u! v!
u∑
m=0
v∑
n=0
(−u,m)(−v, n)(−y)m(−t)n
(p,m)(p′, n)m! n!
=
∞∑
u=0
∞∑
v=0
((d), u + v)xusv
((g), u + v)u! v!
u∑
m=0
(−u,m)
(p,m)m!
(−y)m
v∑
n=0
(−v, n)
(p′, n)n!
(−t)n
=
∞∑
u=0
∞∑
v=0
((d), u + v)xusv
((g), u+ v)u!v!
1F1
[
−u
p
; −y
]
1F1
[
−v
p′
; −t
]
.
Let u → m and v → n, the above identity arrives at the left-hand side of (1.9). This completes the
proof of (1.9).
3. Exton’s results in corrected form
In [2], we find that some of the results are not correct. In this section, we will present the corrected
form of these results by the method applied by Exton with specializing the parameters in the main
transformation (1.10).
Exton’s result (3.3) should be read as
∞∑
m,n=0
((d),m+ n)(−1)nxm+n
((g),m+ n)(p,m)(p′, n)
L(p−1)m (y)L
(p′−1)
n (−y)
=D+2 FG+3
[
(d), (p+ p′ − 1)/2, (p+ p′)/2;
(g), p, p′, p+ p′ − 1;
−4xy
]
;
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Exton’s result (3.8) should be read as
∞∑
m,n=0
(p′,m+ n)(p+ p′ − 1,m+ n)(−1)nxm+n
((p+ p′ − 1)/2,m+ n)((p+ p′)/2,m+ n)(p,m)(p′, n)
L(p−1)m (y)L
(p′−1)
n (−y) = Γ(p)(2
√
(xy))1−pJp−1(4
√
(xy));
Exton’s result (3.11) should be read as
∞∑
m,n=0
(p,m+ n)(p′,m+ n)(−1)nxm+n
(p+ p′,m+ n)(p,m)(p′, n)
L(p−1)m (−y)L
(p′−1)
n (y)
= Γ((p+ p′)/2)e2xy(xy)1−p/2−p
′/2Ip/2+p′/2−1(2xy);
Exton’s result (3.12) should be read as
∞∑
m,n=0
(p,m+ n)(p′,m+ n)(−1)nxm+n
(p,m)(p′, n)
L(p−1)m (−y)L
(p′−1)
n (y)
= 2F1((p+ p
′ − 1)/2, (p+ p′)/2; p+ p′ − 1; 4xy)
= (1− 4xy)−1/2[1/2 + (1− 4xy)1/2/2]2−p−p
′
;
Exton’s result (3.13) which is obtained by setting p′ = 2− p in the above identity actually should be
read as
∞∑
m,n=0
(p,m+ n)(2 − p,m+ n)(−1)nxm+n
(p,m)(2− p, n)
L(p−1)m (−y)L
(1−p)
n (y) = (1 − 4xy)
−1/2;
In fact, Exton’s result (3.13) can also be obtained from Exton’s result (3.5) by performing the replace-
ments d = 1/2 and p′ = 2− p.
Exton’s result (4.3) should be read as
∞∑
m,n=0
(p,m+ n)(−1)nxm+n
(p,m)(p, n)
L(p−1)m (y)L
(p−1)
n (y) = 0F1(−; p;−x
2y2) = Γ(p)(xy)1−pJp−1(2xy);
Exton’s result (4.5) should be read as
∞∑
m,n=0
(p,m+ n)(2p− 1,m+ n)(−1)nxm+n
(p,m)(p, n)
L(p−1)m (y)L
(p−1)
n (y) = (1 + 4x
2y2)1/2−p;
Exton’s result (5.3) should be read as
∞∑
m,n=0
(1/2,m+ n)(1/2,m+ n)(−1)m2−2m−2nxm+n
(m+ n)!(1/2,m)(1/2, n)m! n!
H2m(iy
1/2)H2n(y
1/2) = exp(4xy);
Exton’s result (5.4) should be read as
∞∑
m,n=0
(3/2,m+ n)(2,m+ n)(−1)m2−2−2m−2nxm+n
(m+ n)!(3/2,m)(3/2, n)m! n!
H2m+1(iy
1/2)H2n+1(y
1/2) = iy exp(4xy);
Exton’s result (5.5) should be read as
∞∑
m,n=0
(3/2,m+ n)(−1)m2−1−2m−2nxm+n
(1/2,m)(3/2, n)m! n!
H2m(iy
1/2)H2n+1(y
1/2) = y1/2exp(4xy);
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Exton’s result (5.6) should be read as
∞∑
m,n=0
(p′,m+ n)(p′ − 1/2,m+ n)(−1)m+nxm+n2−2m
((2p′ − 1)/4,m+ n)((2p′ + 1)/4,m+ n)(1/2,m)(p′, n)m!
H2m(y
1/2)L(p
′−1)
n (−y) = cos(4x
1/2y1/2);
Exton’s result (5.7) should be read as
∞∑
m,n=0
(1/2,m+ n)(−1)mxm+n2−2m−2n
(1/2,m)(1/2, n)m! n!
H2m(y
1/2)H2n(y
1/2) = cos(2xy);
Exton’s result (5.8) should be read as
∞∑
m,n=0
(3/2,m+ n)(−1)mxm+n+12−1−2m−2n
(3/2,m)(3/2, n)m! n!
H2m+1(y
1/2)H2n+1(y
1/2) = sin(2xy);
Exton’s result (6.2) should be read as
q∑
m=0
(−1)m
(p,m)(p′, q −m)
L(p−1)m (−y)L
(p′−1)
n (y) =
((p+ p′ − 1)/2, q)((p+ p′)/2, q)(−4y)q
(p, q)(p′, q)(p+ p′ − 1, q)q!
;
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